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The leading order (LO) and the next-to-leading order (NLO) unintegrated parton distribution functions
(UPDF) are calculated by using the latest version of integrated parton distribution functions (PDF) of
Martin et al. (MSTW2008) as the inputs. Similar to our previous works, rather than the Ciafaloni–Catani–
Fiorani–Marchesini (CCFM) evolution equations, the Dokshitzer–Gribov–Lipatov–Altarelli–Parisi (DGLAP)
collinear approximation is used to consider the dependence of parton distributions on the second scale,
k2t , the partons transverse momenta, beside the ﬁrst scale, μ
2, which is included in the last step of
DGLAP evolution equation (Kimber et al. procedure). The three-dimensional UPDF are presented in terms
of different [x,μ2]-planes and in the range of CERN LHC energies and the parametrization procedure
for the various values of k2t . It is shown that the two-scale UPDF behave similar to their corresponding
PDF at large k2t  106 GeV2. In both LO and NLO levels at each k2t a peak is observed around μ2 = k2t
especially at x  10−4 (x 10−4) for the gluons (quarks). In contrast to the complication which exists
in the parameterized PDF i.e. the negative gluon distribution at small x and μ2, the UPDF are always
positive except at large x ( 1) which is mainly due to the angular ordering which makes numerical
instability in this region (the values of UPDF are very small). We hope present results could help a better
understanding of the LHC data at CERN.
© 2012 Elsevier B.V. All rights reserved.1. Introduction
The main theoretical objects in the phenomenological studies
of hadronic ﬁnal states in the high energy particle physics exper-
iments are the parton distribution functions (PDF). The conven-
tional PDF, which are usually called integrated parton distributions,
are essentials in the calculation of inclusive processes. These func-
tions satisfy the standard Dokshitzer–Gribov–Lipatov–Altarelli–Parisi
(DGLAP) evolution equations [1–4],
∂a(x,μ2)
∂ ln(μ2)
=
∑
a′=q,g
Paa′ ⊗ a′
(
x,μ2
)
, (1)
which are based on the strong ordering in the transverse momenta
(kt ) of partons i.e. μ2  kt2n  kt2n−1  kt2n−2  · · ·  kt1 2  0 and
the collinear factorization scheme in which the transverse momen-
tum dependence is integrated out. The PDF, a(x,μ2) = xq(x,μ2)
and xg(x,μ2), are the quarks and gluons distributions, respec-
tively. The scattering factorization scale is μ2, x is the longitudi-
nal fraction of interacting parton momentum, Paa′ stand for the
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doi:10.1016/j.physletb.2012.01.020splitting functions and ⊗ denotes the convolution operation de-
ﬁned as, f ⊗ g = ∫ 1x dyy f ( xy )g(y). These PDF are usually obtained
by using the experimental data via parameterizations procedure
constrained by the sum rules and some theoretical assumptions.
For investigating the less inclusive experiments, which are kt de-
pendent, we need different types of parton distributions, which
are unintegrated over the transverse momenta (k2t ). In very high
energies and the moderate momentum transfers regions, which
correspond to very low x, the kt factorization formalism should
be considered and the kt dependent parton distributions A(x,kt)
satisfy the Balitsky–Fadin–Kuraev–Lipatov (BFKL) equations [5–7].
This scheme forces the strong longitudinal ordering constraint i.e.
xn  xn−1  · · ·  x2  x1  1 in which the kt dependent parton
distributions, A(x,kt), are one-scale (kt ) dependent functions.
While the above orderings have the mathematical restrictions
for producing meaningful results, there is a more general ordering
over the angles of gluon radiations (θi) which includes two former
ordering and has root in the dynamical characteristics of the inter-
actions. The angular ordering condition (AOC), i.e. · · · > θn > θn−1 >
θn−2 > · · ·, is the consequence of coherent gluon radiation [8,9].
Summing up the interaction terms constrained to AOC leads to the
Ciafaloni–Catani–Fiorani–Marchesini (CCFM) equations [10–14]. The
two-scale dependent distributions ( fa(x,k2t ,μ
2)), which are called
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erated via the CCFM formalism. Since the enhanced terms, which
are summed up by the CCFM equations, come from the gluon
evolution, one cannot deﬁne a complete quark version of this for-
malism [15–19]. On the other hand, the complicated features of
CCFM equations make their applications generally in the Monte
Carlo event generators [20–27] or in some restricted approxima-
tions [28–31].
An alternative approach for producing the UPDF based on the
modiﬁed DGLAP framework has been proposed by Kimber, Martin
and Ryskin (KMR) [32] that will be brieﬂy introduced in Section 2.
The modiﬁcation is due to the rearranging the virtual and real con-
tributions in the evolution and imposing the AOC at the last step of
the processes chain, which correlates the three variables x, k2t and
μ2 in a cut off parameter. Both of the quark and the gluon unin-
tegrated distributions can be obtained in the KMR formalism, so at
the present, the unintegrated quark distributions are only available
via the KMR scheme [18].
Previously we have investigated the validity and reliability of
the KMR formalism [33,34] and recently the general behavior
of this kind of UPDF (in the [x, k2t ]-plane and different scales)
were studied [35] in the next-to-leading (NLO) level by using the
MSTW2008 sets of partons [37] (here after refers to as HM1). In
HM1, some pronounced peaks was observed at small x with re-
spect to k2t and they moves to larger values of k
2
t as the scale
parameter μ2 was increased.
Recently, for the NLO UPDF, Martin, Ryskin and Watt (MRW) [36]
have concluded that the KMR formalism, which has been mainly
formulated for input LO PDF, should be rearranged for NLO UPDF
along the following two points: (i) the LO splitting functions, Paa′
and LO parton densities, a, should be replaced by the LO plus the
NLO splitting functions and NLO parton densities, respectively, and
(ii) one should be careful about the treatment of measured parton
density scale and the integration limits in the equations that de-
pend on the LO splitting functions. Since only in the LO limit or
the small z, the current scale (k2) is approximately equal to the
transverse momenta e.g. k2  k2t , otherwise it should be modiﬁed
as k2 = k2t1−z . MRW show that the correction (i) is relatively small,
and it is masked by the input NLO PDF. The prescription (ii) is also
especially small, in the region of small x and kt , since the domi-
nant contribution comes from z  1 (see e.g. the full and dotted
curves of Fig. 6 of Ref. [36]). So in this work, since we have focus
on very small x, we continue to apply the KMR prescriptions for
generating both the LO and NLO UPDF.
So, in this Letter, similar to HM1 we intend to calculate the
UPDF via the KMR prescription at leading order (LO) and next-to-
leading order (NLO) approximations using the MSTW2008 set of
parton distributions [37] to investigate and compare the behavior
of PDF and UPDF (obviously at each k2t for UPDF), when we switch
from LO to NLO levels in the [x, μ2]-plane. The results, consisted
of produced UPDF, and discussions concerning their general and
relative behavior are presented in Section 3.
2. The KMRmodiﬁcation of DGLAP equations
The KMR idea for generating the UPDF works as follows: Using
the given integrated PDF as inputs, the KMR procedure produces
the UPDF as its outputs. It is based on the DGLAP equations (1)
along with some modiﬁcations due to the separation of virtual and
real parts of the evolutions:
∂a(x,μ2)
∂ ln(μ2)
= αs
2π
[ 1−∫
Paa′(z)a′
(
x
z
,μ2
)
dzx− a(x,μ2)∑
a′
1−∫
0
dz′Pa′a
(
z′
)]
. (2)
In order to remove the z = 1 singularity in the splitting func-
tions, Paa′ , which arises from the soft gluon emission, a cutoff,
, is introduced. The ﬁrst and the second parts of Eq. (2) show
the contributions from emissions (which causes the changes in
the transverse momenta) and the summation over the probabili-
ties coming from the splitting functions (that does not change kt
and is called virtual part), respectively. To determine the value of
 in accordance with the dynamics of processes, the angular or-
dering can be applied, which leads to:
Θ
(
θ − θ ′) ⇒ μ > zkt
1− z . (3)
Then one deﬁne a survival factor, which shows the probability of
remaining a parton untouched from the scale kt up to the scale μ
(for kt > μ, Ta(kt ,μ) = 1), which can be obtained by resuming the
virtual contributions,
Ta(kt ,μ) = exp
[
−
μ2∫
k2t
αs(k′t
2
)
2π
dk′t
2
k′t
2
∑
a′
1−∫
0
dz′Pa′a
(
z′
)]
. (4)
At the last step of the evolution, Eq. (3) puts a limit on the z inte-
gration i.e.
zmax = μ
μ + kt ⇒  = 1− zmax =
kt
μ + kt . (5)
Now, by merging the real and the virtual contributions, the explicit
forms for the fa(x,k2t ,μ
2) density distributions can be obtained for
quarks,
fq
(
x,k2t ,μ
2)= Tq(kt ,μ)αs(kt2)
2π
×
1−∫
x
dz
[
Pqq(z)
x
z
q
(
x
z
,kt
2
)
+ Pqg(z) x
z
g
(
x
z
,kt
2
)]
, (6)
and similarly for gluons,
f g
(
x,k2t ,μ
2)= T g(kt ,μ)αs(kt2)
2π
×
1−∫
x
dz
[∑
q
P gq(z)
x
z
q
(
x
z
,kt
2
)
+ P gg(z) x
z
g
(
x
z
,kt
2
)]
. (7)
As was shown in Eq. (5), the two scales k2t and μ
2 are interlocked
via the angular ordering in the cutoff . This property strongly af-
fects the behavior of the KMR UPDF [33–35]. The other point is,
the appearance of the scale μ2 dependence at the last step of the
evolution [32]. The values of F2 computed by using the KMR unin-
tegrated distributions, have shown very good agreement with the
experimental data [32]. Since then these kinds of the UPDF have
been widely used for phenomenological calculations (see [38–49]
and also [34] and references therein). As we pointed out in the in-
troduction, because of the importance of KMR scheme, its reliabil-
ity and stability due to changes in the input PDF, was investigated
in Refs. [33,34], and recently the general behavior of the KMR UPDF
was also (HM1) studied [35].
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In Figs. 1, 2 and 3 (panels (a) and (b)) we present the differ-
ent PDF of MSTW2008, namely the gluons, the up and the strange
quarks in the LO and the NLO levels, respectively. In general, as one
expects, the PDF increase when they reach to the small x and large
μ2 regions. In the NLO level the gluon distribution shows satura-
tion at small μ2 with respect to higher μ2, and up and strange
quarks PDF distributions. In the same ﬁgures, but in panels (c)
and (d), we have plotted the NLO to LO, PDF ratios and also the
same ratios but for ﬁxed x values, respectively. From both pan-els, one can conclude that, there are large variation in PDF, when
one switch from LO to NLO in the small μ2. This is the point
that has been also raised by the MSTW group [37]: when one
switches the perturbation order (particularly) at small x and scale
μ2, there is a large order by order change in the splitting func-
tion, especially Pqg , which force the gluon distribution to have
large variation. On the other hand in the NLO approximation, es-
pecially the gluon distributions become much smaller at small x,
since at this region a divergence due to the splitting functions for
the ﬁrst time appears, which speed up the evolution of quarks
distributions. This is clearly evident from panels (c) and (d) of
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the negative gluon distributions at small x and small scale μ2 is
still a puzzle and has not been explained physically even by the
higher twists e.g. gluon recombination effects or NNLO level. Al-
though, mathematically it is a consequence of ﬁtting and because
of break down of the probability interpretation of the PDF be-
yond the LO, it is formally allowed (see Ref. [37] and references
therein). One of the advantages of these three-dimensional graphs,
is in the presentation of the different behavior of the PDF, with
respect to the x and μ2. As clearly presented in Figs. 1 to 3, thevalues of the PDF grow up by increasing the scale μ2 (a DGLAP
characteristic), but by decreasing the values of x, we see differ-
ent behaviors at low and high μ2, so that at low scales the PDF
decrease even to the negative values while at large scales they in-
crease.
Now, let us turn to the UPDF. To produce them, we use the
KMR prescription which was explained in Section 2 i.e. the KMR
formalism produces the UPDF as its outputs via Eqs. (6) and (7) by
using the conventional integrated PDF as inputs. We use the PDF
which are obtained by parameterizing the experimental data, con-
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the one we explained above i.e. the MSTW2008 [37] set of partons
distributions. Panels (a) and (d) ((b) and (e)) of Figs. 4 to 9 show
the corresponding UPDF in the LO (NLO) level for various trans-
verse momenta i.e. k2t = 10, 102, 104 and 106 GeV2 and different
kind of partons distributions, i.e. gluons, up and strange quarks. In
general the calculated UPDF show pronounced peaks with respect
to scale μ2, which is very distinguishable, for x 10−4. But these
peaks move to larger values of μ2 as the transverse momenta are
increased. On the other hand at k2t = 106 GeV2, we get similar dis-
tributions to those of PDF of Figs. 1 to 3 (obviously, with the largerrelative values for the UPDF). Similar to the PDF, the UPDF sup-
pressed when we switch from LO level to NLO one. The quarks
UPDF have smoother behavior with respect to those of gluons (see
Figs. 4 and 5). This usually happens when we get close to region
of k2t  μ2 and it is due to Eqs. (3), (4) and (5), i.e. the survival
factor (similar to the Sudakov [8–14] form factor).
Panels (c) and (f) of Figs. 4 to 9 show the NLO to LO ratios
of UPDF of above calculations for various transverse momenta i.e.
k2t = 10, 102, 104 and 106 GeV2. As presented in panels (c) and (f)
of Figs. 4 to 9, the UPDF show ﬂatter ratios in comparison to the
PDF. This relative behavior in turn, mentions the stability of the
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regions in the ratios at large x, have root in the smallness of the
values of UPDF ( f g → 0 e.g. ±10−27) which leads to numerical
instability and are not reliable. The same situation holds for the
quark UPDF. The general behavior and the values of the NLO/LO
ratios in both types of the quarks (u and s) are similar except for
large x, where the valence distributions of the u quark dictates
the same values in the both NLO and LO approximations. So the
ratios approach to 1. On the other hand, while the NLO values of
gluons PDF at small x and μ2 are negative, the KMR UPDF are
positive.
In conclusion, the LO and the NLO UPDF was calculated by us-
ing the latest version of integrated PDF of MSTW2008 as the in-
puts. As in our previous works, the DGLAP collinear approximation
was used to consider the dependence of parton distributions on
the second scale, kt , beside the ﬁrst scale, (μ), which includes in
the last step of DGLAP evolution equation i.e. the KMR procedure.
The three-dimensional UPDF were presented in terms of different
[x,μ2]-plane and in the range of LHC energies and parametriza-
tion procedure for the various values of k2t . It was shown that the
two-scale UPDF behave similar to their corresponding PDF at large
k2t  106 GeV2. In both LO and NLO levels and at each kt a peak
was observed around μ2 = k2t especially for x  10−4. In contrast
to the complication which exists in the parameterized PDF i.e. the
negative gluon distribution at small x and μ2, the UPDF only show
this behavior at large x, which is mainly due to the angular or-
dering i.e. x → zmax that makes the numerical instability in this
region (the values of UPDF in this region are very small in the nu-
meric calculations).
As we stated in the introduction in this work we did not use
the MRW [36] prescription for calculating the NLO UPDF. In our
future work we certainly focus on their formalism to calculate
NLO UPDF, especially at large x. As Watt [50] and Thorne and
Watt [51] have pointed out, the UPDF are very important for the
prediction of exclusive Higgs boson production cross-section, es-
pecially in the region of large x and small k2t . So, we hope the
results presented in this work could help a better understand-
ing of the LHC data at CERN and the Higgs boson cross-section
[50,51].
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